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1. Introduction

The generalized Tribonacci polynomials (or generalized (r(x), s(x), t(x))—Tribonacci polynomials or

x-Tribonacci numbers or generalized (r(z), s(z), t(z))-polynomials or 3-step Fibonacci polynomials)
{Wn(Wo(z), Wi(z), Wa(z);r(2), s(2), t(2)) }nzo
(or {W,,(z)}n>0 or shortly {W,,},>0) is defined as follows:

Wa(z) = r(@)Wn_1(2)+s(@)Wno(z)+t(2)Wns(z),  Wo(z) = a(z), Wi(z) = b(xz), Wa(z) = c(z), n=>3

(L.1)

where Wy (z), W1 (z), Wa(z) are arbitrary complex (or real) polynomials with real coefficients and r(x), s(z)
and t(z) are polynomials with real coefficients and ¢(x) # 0.

Special cases of this sequence has been studied by many authors. For some references on special cases

of generalized Tribonacci polynomials, see for example [1,2,3,4,5].
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The sequence {W,, },,>0 can be extended to negative subscripts by defining

Wonl) = =5 W ey &) = TIW o)+ oW )

for n = 1,2,3,... when t(z) # 0. Therefore, recurrence (1.1) holds for all integers n. Note that for n > 1,
W_,(z) need not to be a polynomial in the ordinary sense.
Binet’s formula of generalized Tribonacci polynomials, as {W,} is a third-order recurrence sequence

(difference equation), can be calculated using its characteristic equation which is given as
23 —r(x)2* —s(z)z — t(z) = 0. (1.2)

The roots of characteristic equation of {W,,} will be denoted as a(z) = a(z,r, s,t), B(x) = B(z,r,s,t),v(x) =

Py(x7 T’? 87 t) °
REMARK 1.1. For the sake of simplicity throughout the rest of the paper, we use
WTL7 s, ta W07 le W27 «, Ba Vs

instead of
Wi (z), r(x), s(z), t(x), Wo(z), Wi (z), Wa(x), a(z), B(z), v(x),

respectively, unless otherwise stated. For example, we write
Wy =1rWyh_1+ sWp_o+ th737 Wy = a, Wiy =b,Wy = ¢, n=>3

for the equation (1.1).

THEOREM 1.2. [5, Theorem 6] Binet’s formula of generalized Tribonacci polynomials is given as follows

according to the roots of characteristic equation (1.2):

(a): (Three Distinct Roots Case: o # 3 # )

. Wsy — (ﬁ + 'Y)Wl + ByWo n  Wa— (Oé + 'Y)Wl +ayWy .
Mo s T e Ay T BreG-w
+W2 — (Oé + B)Wl + aﬂWO n

-G-8

i.e.,

wo = (@Watoalrt Wit tWo) o (BW2+ B(=r+ B)Wh +tWO)ﬂn
" ra? 4+ 2sa + 3t rB% + 25 + 3t
(W2 +(=r + Wi +tWo) ,,

ry2 + 257y + 3t

+
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(b): (Two Distinct Roots Case: o« # 3 =1y)

Wy — 28W; + B2W, —Wo 4 28W1 — (28 — )Wy Wy — (B + o)Wy + BaW,

W = (ﬁ—a)Q a™ 4 ( (ﬂ—a)2 3B —a) n)s
i.e.,
W, . 4Wo — 4(7‘ — CK)W1 + (7‘ — a)2W0 o
o (r —3a)?
+5(r_135)2((‘5w2 + 262 Wi + (2B + (r* + 85)53 + 8t) Wp)

+((38 =)Wy — (r — 3B)(8 — )Wy — (rB% + (r® + 65)8 + 6t)Wy)n) 8",

(c): (Single Root Case: = =~ = g)

1
W, = 5(20/2W0 + (—=Wy + 4Wia — 3Woa?)n + (Wa — 2Wia + Woa?)n?)a™ 2
1
= §(n(n — )Wy —2n(n — 2)aW; + (n — 1)(n — 2)a?*Wy)a" 2

1 n—2
= 5On(n— HWa —6n(n — 2)rWi + (n— 1)(n — 2r*Wp) (g) .
2. Sum Formulas
In this section, we present the closed forms of the sum formulas >, _, z’“”VV,?.7 >oreo 2*Wi 1 Wy, and

Yoro 2¥ Wi, oWy, for the generalized Tribonacci polynomials.

THEOREM 2.1. Let z be a real or complex number. Then
(a):
(i): IfT(2) = (=223 + sz + rt22 + 1)(r22 — s222 + 1223 + 252 + 21122 — 1) = —25¢% + 25¢2(s2 —
rt) + 24 (r?t —rs? — st) + 23(r3t — $3 + 262+ drst) + 22 (r?s + 52 +1t) + 2(s +72) — 1 # 0 then

= k 2_@1W(2)
k;z WE = ) (2.1)

where

O1w(2) = —2"1001 — 27150, — 24034+ 2" T30, + 2" 205 + 2" 10 + 2507 + 2405 + 2309 +
22010 + 2011 4 O12

= 2" (W2, 5 + 2 W2 , + $PW2E |+ 2(—rWopoWhgg — sWogp i Wi + 7sWi 1 Wigo)) —
2 WE g+ (13 2rs+ ) W2 o+ r(rt—s* ) W2 +2(—(s+1%) Wi ps+ (52 —tr)Wog1 ) Wi ga) —
2T SWE g+ r(t+rs) W2+ (rPt— s+ 2+ Arst) W2, | 4+ 2(—1rsWypoWii3 — stWy i Wi o —
rtWy1 Wis))

+2" (W 5= (s+1?) Wiy — (s trt+ )W) +2" 2 (WE L — (s+r?) Wiy, )+ 2" HWR L +
2 (—Wa+rWi+sWo )2+ 24 (rWE + (t+2rs+13)WE+r(rt —s2)WE —2(s+72) Wi Wa —2(rt —
sYWoW1)+23(sW3+r(t+rs)WE+(r3t— s +12 +drst)WE —2rsWi Wa — 2rtWo Wa — 25t Wo W)
+22(=W3 + (r? + )W + s(s + r)Wg + rtW§) + 2(=W3E + (r2 + s)W§) — W§
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(ii): IfT(2) = (=223 + sz + rt22 + 1) (1?2 — 8?22 + 1223 + 282+ 2rt2° — 1) = (2 —a1) f(2) = 0
for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d

O1w(2)
szWk = Zdiw (2.2)
1)
where
d

$@1W(z) = —(n+6)2" (Wi g+ Wi, + W2 +2(—rWypoWiis — sWo i Wigs +

rsWiyp1Wig2))— (n4+5) 2" T4 (rW2 g+ (r3+2rs+ W2 o +r(rt—s?) W2 +2(—(s+r2) Wi+

(82 = tr)Wyi1)Wago) — (n+4)2" B3 (sW2 g+ r(t +rs)W2 o + (13t — s + 12 + drst) W2, +

2(=rsWhaWhis — stWi 1 Whipo — rtWi 11 Wii3))

F(n+3)2" 2 (W s — (s+r°)Wiio — (rPs+rt+s”) Wi )+ (n+2) " HH (W3R, — (s+r2) Wi ) +

(n41)2" W2 | + 5212 (—Wa + rWi 4+ sWy)2 + 423 (rW3 + (t 4 2rs + r3)WE +r(rt — s*)W§ —

2(s + )W Wo — 2(rt — s2)WoW1) + 32%(sW3 + r(t + rs)WE + (r3t — s3 + 2 + drst)W§ —

2rsWiWo — 2rtWoWs — 2stWoWy)

+22(—=W2Z + (12 + 8)WE + s(s + r2)WE + rtW) + (-WE + (r% + 5)W2)

and

%F(z) = —625t1 + 5242 (52 —rt) + 423t (r?t — rs? — st) + 322 (r3t — 83 + 2t2 + drst) + 22(r?s +
s2+rt)+ (s+1r?)

(iii): IfT(2) = (=223 + sz + 122 + 1) (r?2 — s?22 + 1223 + 252 + 2rt22 — 1) = (2 — 1) f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d2
b a2 0w )
Z Wk _dzi (2.3)
—7T
where
d2

@1W( ) = —(n4+6)(n+5) 2" 12 (Wi 3+ Wi o+ Wi +2(—r Whs o Wiz — Wit Wiy s+
TsWn+1Wn+2)) —(n+5)(n+4) 2"t (rW2 5+ (rP+2rs+O)W2, o +r(rt — s W2 +2(—(s+
P )Wis + (82 = tr) W) Wap2)
—(n+4)(n+3)2" 2 (sW2 s +r(t+rs)WE o+ (r¥t—s* + 12+ Arst)W2, | +2(—rsWy oW ys —
$tWos1Wago — 1tWog 1 Wias)) + (0 + 3)(n + 2)2" (W2, 3 — (s + r) W2, — (r’s + rt +
sSHWii1) + (n+2)(n+1)2" (Wi g — (s +r)Wiy) + (n+ Dnz" "W,
+202382(—=Wa+rW1 +sWo)2 + 1222t (rWi + (t+2rs+1r3)WE +r(rt — s> )WE —2(s+r2) W1 Wa —
2(rt — sHWoW1) +62(sWE +r(t+rs)WE + (r3t — 83 + 12 + drst)Wg — 2rsWiWa — 2rtWo W —
25tWoWh) + 2(=W2 + (12 + s)WE + s(s + r2)WZ + rtWg)

and
d2

dz2
2(r%s + 52 +1t)

[(2) = —302%* + 2023¢2(s% — rt) + 122%t(r% — rs? — st) + 62(r’t — s® + 2t2 + 4drst) +
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(iv): IfT(2) = (=223 + sz +rt22 + 1) (r?2 — s222 + 1223 + 252 + 2rt2? — 1) = (2 —a1)3 f(2) = 0

for some a1 € C and a function f in z with f(ay1) # 0 then, for z = a1, we get

d?

n GIW()

SoSwE = d})i (2.4)
@F(z)

d3
270
—12023t* 4 6022t2(s2 — rt) + 242t(r%t — rs? — st) + 6(r3t — s3 + 262 + 4rst)

where
dd33 Ow(z) = —(n+4)(n+5)(n+6)z" 32 (W2 g+ r*W2 o+ *W2 | +2(—r Wy oWiy3 —
W1 Whgs + rsWo i1 Wiia)) — (n 4 3)(n 4+ 4)(n 4 5)2" P 26(rW2 5 + (1 + 2rs + t) Wi, +
r(rt — s2 W2, +2(=(s + 1) Wyas + (s — tr)Wip1)Wiyo)
—(n+2)(n+3) (n+4)2" T (sW2 g+r(t+rs)W2 o+ (r3t—s3+2+4rst) W2 +2(—rsW, o Wi 53—
$tWyi1 Whgo — 1tWoi Wygs)) + (n+ 1) (n+ 2)(n+ 3)2" (Wi g — (s +r2)W2, — (rPs+rt +
SIW240) + n(n+ 10+ 227 W2, — (s +72)W2,,) + (0 — Dn(n + 12m W2,

+60222 (=W +rWi +sWy)? + 242t (rW3 + (t+ 2rs+13)WE +r(rt — s> )WE —2(s+1r2) W1 Wa —
2(rt — s )WoW1) +6(sW3 +r(t+rs)WE + (13t — 83 + 12 + drst)WE — 2rsWiWo — 2rtWo Wy —
2stWoWh)
and
3
@F(z) = —12023t* + 6022t%(s2 — 1t) + 242t(r’*t — rs% — st) + 6(r3t — s® + 2t% + 4drst)

(V): IfT(2) = (=t223 + sz +rt2? + 1) (r?2 — s222 + 1223 + 252 + 21122 — 1) = (2 — a1)*f(2) = 0

for some a1 € C and a function f in z with f(ay1) # 0 then, for z = a1, we get

d4
S A
S - & 2.5
k=0 @F(z)
d4
@@wv(z)

—36022t* 4+ 12022 (s2 — rt) 4 24¢(r?t — rs? — st)

where

d4

T — 01w (2) = —(n+3)(n+4) (n+5) (n+6) 2" T2 (W2 g+ W2 o+ 2 W2 +2(—r Wy 2 Wy 3—
W1 Whps+1sWo i1 Wiia)) — (n+2)(n+3) (n+4) (n+5) 2" T (rWi s+ (r® +2rs+H) W2, o+
r(rt — s2 W2, +2(=(s + 1) Wyis + (s — tr) W) Wayo)

—(n+1)(n+2)(n+ 3)(n+ 4)2"(sW2 g + 1t + rs)W2 o + (r3t — 83 + 2 + drst) W2, +
2(=rsWypaWigs — stWy i Wi po — 1tWo i Wois)) +n(n+ 1) (n+2)(n+3) 2" H (W25 — (s +
P Wit — (rPs +rt + 2 )W2 ) + (n— Dn(n +1)(n +2)2" 2 (W5 — (s + )W) + (n —
2)(n—)n(n+1)"3W2,,

285
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+1202t2 (—Wo +r W1 +sWo)2 + 24t (rW3 + (t+2rs +13)WE +r(rt — s> )WE — 2(s +1r2) W1 Wo —
Q(Tt - 52)W0W1)
and
d4
@F(z) = —36022t* + 1202t%(s% — rt) + 24t(r?t — rs* — st)
(vi): IfT(2) = (—t223 + sz +rt2? + 1) (r?2 — s222 + 1223 + 252 + 21122 — 1) = (2 —a1)° f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d5
n 7@11/{/(2)
S oSwg = 652257 (2.6)
k=0 Fr(z)
z
d5
$®1W(z)

—T7202t* + 120t%(s2 — rt)

where
d5
T0uw(2) = —(n+ 20+ )+ A0+ )+ 6T (Wi + 12 W2y + W, +

2(=r Wi oW y3—sWop 1 Wiy 3+rsWo i1 Wi y2))— (n+1) (n+2) (n+3) (n+4) (n+5) 2"t (rW2 s+
(P +2rs + t)W2 5 +r(rt — s*)W2 +2(—(s + 1) Wigs + (82 — tr)Wip1) Waga)
—nn+1)(n+2)(n+3)(n+4)2" " (sW2 g+ r{t+rs)Wi,+ (r*t — s + 12 +drst) W2, +
2(=rsWpoaWigs— stWy 1 W0 —1tWop1 Wigs)) + (n—1)n(n+1)(n+2) (n+3)2" 2 (W2, 4 —
(s+r)We o= (rPs+rt+s*)We 1)+ (n—2)(n—)n(n+1)(n+2)z" (Wi, — (s+r*) Wi, )+
(n— 3)(n — 2)(n — n(n + 1)z"4 W2, ,
+1206%(—Wo + rWy + sWp)?
and
d°
ﬁF(z) = —7202t* 4+ 120t?(s% — rt)

(vii): IfT(2) = (223 + sz +rt22 + 1) (1?2 — 8222 + 1223 + 252+ 2rt22 — 1) = (2 — a1)® = 0 for

some ay € C then, for z = a1, we get

n 7@1{/1/(2)
6
doAwp = A (2.7)
k=0 Sl )
d6
_ amo
—720t4
where
d6
560w (2) = =(n+ 1) +2)(n+3)(n +4)(n + 5)(n+ 6)z"¢* (Wi s +r*Wips + s* Wiy +

2(=r W2 Wi y3— Wi 1 Wi s +75Wo 1 Wi h2) ) —n(n+1) (n+2) (n+3) (n44) (n+5) 2"~ 1 (rW2 5+
(3 +2rs + W2, +r(rt — s*)W2  +2(—(s + 13 Wips + (82 — tr)Wiy1)Wiga)
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(b):

—(n = nn + 1)(n + 2)(n + 3)(n + 4)2" 2(sW2 3 + r(t + rs)W2 g + (1Pt — s + 2 +
Arst)W2 | +2(—rsWysoWiis — stWyp i Wipo — rtWy 1 Wiy3)) 4+ (n —2)(n— )n(n+ 1) (n +
2)(n+3)2" (Wi — (s+r)W2, — (rPs+rt+sH)W2,)
+(n=3)(n=2)(n—n(n+1)(n+2)"H (Wi, — (s +r)Wi ) + (n—4)(n—3)(n - 2)(n -
Dn(n+1)2" W2,

and
d6

— 4

(i): If T(2) = (=223 + sz + rt22 + 1) (1?2 — 8222 + 1223 + 252 + 2rt2%2 — 1) # 0 then

ZZka-i-ka _ Saw(z) (2.8)

P I'(z)
where
Oa (2) = 210013 + 2" 5014 + 2" T4O 15 + 2" 3016 + 2" 2017 + 271015 + 25019 + 24090 +
23091 + 22022 + 2023 + Ooy
= 2" (—Wis + 7 Wipa + sWoi1)Wair + 2" (—Wois + rWoio + sWip1)(—sWois +
tWpotrsWi o) +2" T4 (s(t+rs) W2 o +rt? W2 =Wy o Wiy 3+12 W a1 Wi g3+ (—r3t4- 5% —
12 =2rst) Wy oWii1)+2" 3 (r W2 s =1 Wi o Wi s +tWo Wiz — (r?s+rt+52) Wy o Wi 1)
+2" P 2(Wyas — (s + 1)) Woa 1) Waaa + 2" W, i W0 + 2583 (Wo — r Wy — sWo) W + 24 (W —
W1 — sWo)(—sWa + (rs + t)W1) + 23(—=s(t + rs)WE — rt? W + 2 W1 Wo — r2tWoWo + (r3t —
s34+ 12 4 2rst)WoWy) + 22(—r W2 + r2Wi Wy — tWoWy + (r2s + 1t + s2)WoWy) + 2(—Ws +
(12 + ) Wo) Wy — Wl

(ii): IfT(2) = (—t22% + sz +rt22 + 1) (1?2 — 222 + 122% + 22+ 21122 — 1) = (2 —a1) f(2) =0

for some a1 € C and a function f in z with and f(a1) # 0 then, for z = a1, we get

d

n f@zw(z)
Z Zka+1Wk = dadi (29)
k=0 —TI'(2)
dz
where
d

%@21/{/(2) = (n+6)2" 3 (~ Wi+ Wiio+ W1 )Wipr + (n+5) 2" (=W, 3 +17 W0+
SWit1)(—sWiys +tWipo +1sWi o)+ (n+4)2" T3 (s(t+rs) W2 o +rt2 W2 | — 2 Wy oW is+
P2Wo i Whgs + (=13t + 8% — 12 = 2rst) Wy aWig1) 4+ (n + 3)2" P2 (rW2 g — 2 Wi o Wogs +
tWoi 1 Wags — (r%s + 1t + 8) W0 Wi i1)

+(n+2)2" PN (Wi — (s+72) W1 ) Whio+(n+1)2" W, 1 Wy o+ 5243 (Wo —r Wy — sWo )Wy +
423t(Wo—rW1 —sWo)(—sWa—+ (rs+t)W1)+ 322 (—s(t+rs)WE —rt? W + Wy Wo —r2tWo Wa +
(r3t — 83+ 12+ 2rst) WoWh) + 22(—r W3 + 1?2 Wi Wo — tWoWa + (r2s + rt + s2 ) Wo W1 ) + (= Wa +
(r? + 5)Wo) Wy

and

287
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d
d—]."(z) = —625t1 + 5242 (52 —rt) + 423t (r?t — rs? — st) + 322 (r3t — 53 + 2t2 + drst) + 22(r?s +
2

s2+rt)+ (s+1r?)
(iii): IfT(2) = (—t223 + sz +rt2? + 1) (r?2 — s222 + 1223 + 252 + 2rt2? — 1) = (2 —a1)%f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d2
o PENGUAS)
ZZ Wi i Wy, = Zd2 (2.10)
k=0 @F(z)
where
d2

@ng(z) = (n+5)(n+6) 2" P43 (=W 13+ Wiy o+ sWoi 1) Wi p1+(n+4) (n45) 2" 34 (=W, 45+
TWigo+5Wii1)(—sWags +tWoio+1rsWogo) + (n+3) (n+4) 2" 2 (s(t+rs) W2, +rt* W2, | —
W oW 3+ 12t W i d Wi+ (=13t 483 =12 =21 st) Wi, o Wiy 1)+ (n42) (n+-3) 2" T (r W2 5 —
P2 WosoWhis +tWa i Wiz — (r2s + 7t + s2) W oWii1)
+(n+1)(n+2)2"(Whiz— (s +1)Woi1 ) Wiao+n(n+1)2" W, 1 Wiy 10 + 20233 (W —r Wy —
sWo)Wo+1222t(Wa —rWq — sWo) (—sWa+ (rs+t)W1) +62(—s(t+rs)WE —rt2We + s> W, Wy —
r2tWoWa + (13t — 83 + 12 4+ 2rst) Wo W1 ) + 2(—r W2 + r2 W Wy — tWoWa + (r2s + 1t + 52) W W)
and
j—;f‘(z) = =30z + 202342 (s% — rt) + 122%t(r’t — rs® — st) + 62(r’t — s3 + 2t2 + 4rst) +
2(r?s + 52 +1rt)

(iv): IfT(2) = (=223 + sz +1t22 + 1) (1?2 — 8222 + 1223 + 252 + 2rt22 — 1) = (2 —a1)3 f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d3
> AW Wi = G (2.11)
k=0 @F(z)
d3
25 02w (2)
C —12023t% 4 602282 (52 — rt) + 242t(r2t — 182 — st) + 6(r3t — 3 + 212 + 4rst)
where
d? .
7392w (2) = () (n45)(n+6)2" (= Wopg +rWopz + Wi )Wosa + (n+3)(n+4) (n+

5)2" 2~ Wy 3+ Wogo+8Wog 1) (=Wt s +tW ro+7rsWp2)+(n+2) (n+3) (n+4) 2" 1 (s(t+
rs)W,%Jrz + rtQW,%H — Wi oWias + r2tWy i Wiz + (=13t + 8% — 12 — 2rst) Wy oWi1)
+(n+1)(n+2)(n+3)2" (W2 3 —r* Wy oW i3 +tWiy 1 Wi ys — (r?s + 1t 4+ 82) Wya Wy ) +
n(n+1)(n+2)2" " Witz — (s+12) Wit ) Wapo+(n—1)n(n+1)2" 2 W, 11 Wy 0 +602283 (Wo —
Wi — sWo)Wo + 242t (Wa — rWq — sWo)(—sWa + (rs + t)Wh) + 6(—s(t + rs)WE — rt?W§ +
S2WhAWo — r2tWoWa + (r3t — 8% + 12 + 2rst) WoWh)

and

3

Ff(z) = —12023t* + 6022t%(s% — rt) + 242t(r*t — rs® — st) + 6(r3t — 53 + 2t? + 4rst)
z
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(V): IfT(2) = (—t223 + sz +rt22 + 1) (r22 — 5222 + 1222 + 252 + 222 — 1) = (2 —a1)* f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d4
"~ 4197 )
S AW w, = B (2.12)
k=0 —T()
d4
_ 4210 )
© —36022t4 4 12022(s2 — rt) + 24t(r2t — 182 — st)
where
d4

A0 (2) = (04 3)(n+ 4)(n +5)(n+ 6)2" 2 (= Wy +rWops + Wi )Waga + (n +
2)(n+3)(n+4)(n+5)2" Tt (—Wyis + 1 Wiio + sWii1) (—sWogs + tWi o +rsWiga) + (n+
D(n+2)(n+3)(n+4)z"(s(t+rs)W2 o +rt?W2, | — Wi oWogs +12tWo i Wi s + (=13t +
83 — 12 — 2rst) W, oWii1)

+n(n+1)(n+2)(n+3)z" "L (rW2 s —r* Wi o Wi s +tW 1 W3 — (r2s+rt+5% )Wy o Wi 1)+
(n—=1)n(n+1)(n+2)2" "2 (Wy3—(s+7r3) Wy 1) Whio+(n—2) (n—1)n(n+1)2" "Wy Wy yo+
12023 (Wo — rWy — sWo)Wo + 24t(Wo — rWq — sWo)(—sWa + (s + t)W7)

and

d4
@F(z) = —3602%t* + 1202t%(s% — rt) + 24t(r’*t — rs® — st)
(vi): IfT(2) = (=223 + sz + 122 + 1) (r?2 — %22 + 1223 + 252 + 2rt22 — 1) = (2 —a1)% f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d5
" 4797 )
S FWepa Wi = e (2.13)
k=0 ﬁr(z)
d5
17 O
© =T20zt* 4 120t2(s2 — rt)
where
a5 ,
7592w (2) = (n+2)(n+3)(n+4)(n+5)(n+6)=" 1 (= Wogg +rWosz + Wi )Wosa + (n+

D(n+2)(n+3)(n+4)(n+5)z"t(—Wyps + rWito + sWit1) (=Wt + tWhio + 178Wiia) +
n(n+1)(n+2)(n+3)(n+4)2" 1 (s(t+rs)W2 o +rt? W2 | — *W oW 5+ 12W, 1 Wigs +
(=3t + 83 — 12 — 2rst) W, oWii1)
+(n — Dn(n + 1)(n + 2)(n + 3)2"2(rW2, 3 — r* Wy oWiys + tWep i Wigs — (r?s + 1t +
SYWhraWoi1)+(n—2)(n—Dn(n+1)(n+2)2"3(Wpis — (s + 1)W1 )Waga + (n—3) (n —
2)(n — Vn(n + 1)2" W, 1 Wypo + 12063 (Wo — rWq — sWo) W

and

5

ﬁf‘(z) = —T7202t* + 120t%(s* — rt)
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(c):
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(vii): IfT(z2) = (—t223 + sz +rtz? + 1) (r?z — s222 + 1223 + 252+ 21122 — 1) = (2 — a1)® = 0 for

some ay € C then, for z = a1, we get

S AW Wy, = e (2.14)
=t e

d6
@62‘”(2’)

—720t4

where
j—;@gw(z) =m+1D)(n+2)(n+3)(n+4)(n+5)(n+6)2"t3 (= Wiz +rWoio+sW,i1)Woi1 +
nn+1)n+2)(n+3)(n+4)(n+5) 2" (~Wpiz + Wyio + sWyni1)(—sWyas + tWyio +
rsWhi2)+(n—1)n(n+1)(n+2)(n+3)(n+4)z""2(s(t+rs)W2 o+t Wi — Wiy o Wi+
P2 tWo i Wiz + (=3t + 8% — 12 — 2rst) W, oWii1)
+(n=2)(n—1)n(n+1)(n+2)(n+3)z""3(rW2, s —r*WypioWpnis + tWo i1 Wips — (ris+rt+
§ ) Wig2Whi1) + (n = 3)(n—=2)(n— Dn(n+1)(n+2)2" "4 (Whis — (s +7°) Was1)Wasa + (n—
4)(n—3)(n—2)(n—)n(n+1)2" "W,y 1 W2
and

6

(i): IfT(2) = (=223 + sz + rt2% + 1)(r22 — %22 + 223 + 252 + 2rt2? — 1) # 0 then

- Ozw (2)
k _ Osw
e

(2.15)

where

Osw (2) = 2" 0025 4 2" 7026 + 2" 1Oy + 2" 3O 9s + 2" 2 O09 + 2" 11030 + 27031 + 21 O30 +
23033+ 2203442035 +036 = 2" T3 (=W, 3+ Wiy o+ Wi 1) Wogo+2" 24 (r (rt—s*) W2 o+
t(rt — s$)W2, 1 + (82 = rt)WipoWiys — (82 + ) Wip 1 Wigo + stWii 1 Wigs) + 2" ((rt —
W2, 5+ 2(r? + s)W2 . + 7(s? — rt) Wi aWigs + (8% — 2rst — )Wy 1 Wiz + st(r? +
$)WatoaWii1)

+2"3((r2 4+ )Wy — s(r? + s)W2 o + (t — ) WogaWiis — s(r? 4+ 8)WigsWyq — t(r? +
) WigaWog1 ) +2" T2 (sW 2 Lo+ Wo o Wiy 3— (12 4+8) W a Wog s+t Wy 1 Wi p2) +2" T W, Wi s+
PB3(Wa — Wy — sWo)Wy + 24 (r(s® — rt) W2 + tWE(s? —rt) + (rt — s> )W Wy — stWWa +
(83 + t2)WoWh)

+23((s2=rt) W3 —t2(r? +s)Wg +7 (rt — s2) WiWa+ (82 — s® + 2rst) WoWa — st(r? +s) Wo W1 ) +
22(—(r?+s)W3+s(r* + s)WE+ (r* —t)WiWa + s(r? + s)WoWa + t(r? + ) WoWh ) + z(—sW¢ —
rWiWa + (12 + s)WoWy — tWoW1) — WoWs
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(ii): IfT(2) = (—t223 + sz +1t22 +1) (r?2 — 222 + 4223+ 252+ 2122 —1) = (2 —ay1) f(2) = 0
for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d

(C)
Zz Wiso Wi = w (2.16)
k=0 dzl“( z)

where
d%@w (2) = (n4+6)2" T3 (= Wiz +1Wopo + Wi 1) Waga + (n+5)2"T44(r(rt — s ) W2, +
t(rt—s )I/Vz_s_1 + (82— rt)WogaWhis— (83 +2) Wi Wago +8tWo p i Wia3) + (n+4) 2" 3 ((rt —
SW2E g+ 2(r? + s)W2 +1(s* — rt)WysoWiys + (8% — 2rst — t2)Wp 1 Wigs + st(r? +
$)Whp2Whi1)
H(n+3)2" P2 ((r2+8) W2 g —s(r2+s)W2 o+t =)Wy oWiyz —s(r? +8) Wiy sWip1 —t(r? +
) WitaWog1) + (n+ 2)2" TN (W2, + rWopoWigs — (12 + s)Wip 1 Wigs + tWo 1 Wigo) +
(n+1)2" W1 Wiis + 5243 (Wa — rWy — sWo)Wh + 423t (r(s? — rt)WE + tWE (s> —rt) + (rt —
s2YW Wy — stWoWa + (82 + t2)WoWy)
+322(($2 —rt) W3 —t>(r2+s)Wi-+r (rt — s2) WiWa+ (12 — 3+ 2rst) WoWa — st(r?+s)Wo W) +
22(—(r? +8)W3 +s(r? + s)WZ + (r3 —t)WiWa + s(r? + s) WoWa + t(r? + s)WoW1) + (—sW? —
rWiWa + (1% 4 s)WoWo — tWoW1)
and
dilzl“(z) = —62°t1 + 5242 (5% —1t) + 423t (r?t — rs? — st) + 322 (r3t — % + 2t2 +- drst) + 22(r%s +
s24+1t) + (s +1?)
(iii): IfT(z) = (—t223 + sz +rt2? + 1) (r?2 — 8222 + 1223 + 252 + 2rt2? — 1) = (2 — a1)%f(2) = 0
for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d2
n 3 sw (2)
ZZka+2Wk = dzd2 (2.17)
k=0 @F(z)
where
d2

E® ——5 03w (2) = (n+5)(n+6) 2" T3 (=W 3+ Wi yo+ Wiy 1) Wa o+ (n+4) (n+5) 2" P3¢ (r (rt—
SHYW2 o +t(rt —s )W2+1 + (8% = )Wy aWiis — (82 + )W i Wiia + stW, i Wis) +

(n+3)(n+4)2"T2((rt — s)W2 g+ t2(r2 + s)W2 | +r(s® — rt)WpypoWiys + (s® — 2rst —

YW1 Wias + st(r? + s)WyoWii1)

+(n+2)(n+3)2" (12 + )W s —s(r*+s) W2 o+t =)Wy o Wi 3 —5(r? +8)Wygs Wy —

t(T2+8)Wn+2 Wn+1)+(n+1)(n+2) (8W2+2+7"Wn+2 Wn+3 (T2+8)Wn+1 Wn+3+th+1 Wn+2)+

n(n+1)z" "W, 1 W is + 202383 (W — r Wy — sWo) Wi + 1222t (r(s? — rt)WE +tWE(s? —rt) +
(rt — s2 )W Wy — stWoWy + (53 + t2)WoWh)

+62((s2 —rt)W3 —t>(r2 + )W +r (rt — s2) WiWa+ (£ — s +2rst) WoWa — st(r? + s) Wo W1 ) +
2(—(r2 + 8)W3 + s(r? + )W + (r3 — )W Wa + s(r? + s)WoWa + t(r? + s)WoWh)
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and
d2
@F(z) = —30z%* + 202342(s% — rt) + 1222t(r%t — rs? — st) + 62(r3t — 53 + 2t2 + 4rst) +
2(r2s + 52 4+ 1t)
(iv): IfT(z) = (=222 + sz +rt22 + 1) (r?2 — 8222 + 1223 + 252+ 2rt2? — 1) = (2 —a1)3 f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d3

n 7@3‘/[/(2)
3
S Wy = L (2.18)
k=0 @F(z)
d3
@@3{/{/(3)

—12023t* + 6022t2(s? — rt) 4+ 242t(r2t — rs? — st) + 6(r3t — s3 4 2t2 + 4rst)

where

j—;@gW(z) = (n+4)(n+5)(n+6)2"33(~W,i3 + rWyia + sWyi1)Woio + (n+ 3)(n +
4)(n+5)2" 2t (r(rt — s*)W2 o+ t(rt — sH W2 + (s> = 1t) Wiy oWiys — (83 +82) W1 Wigo +
$tW 41 Wag3)+(n+2) (n+3) (n44) 2" T ((rt—s? ) W2 g+ (12 +8) W2 +1 (82 —rt ) Wy o Wi 3+
(82 — 2rst — t2 )W 1 Whas + st(r? + s)WyoaWii1)
+(n + 1)(n + 2)(n + 3)2"((r2 + s)Wis — s(r?* + s)W2 o + (t — ) WopoWiys — s(r? +
S)YWoisWhi1 — t(r? + $)WoiaWhit) +n(n + 1)(n + 2)2"_1(5W3+2 + rWypaWhas — (r? +
Wit 1Whis + Wi Wiio) + (n— Dn(n+ 1)2" 2 W, 1 Wiys
+60223(Wo —r Wi — sWo )Wy + 242t (r(s2 —rt)WE +tWE (5% —rt) + (rt — s2) W1 Wa — stWoWa +
(s + 2 )WoWh) + 6((s? —rt)W3 — t2(r® + s)W§ + 1 (rt — %) WiWa + (8% — s + 2rst) W W, —
st(r? 4+ s)WoWh)
and
%;F(z) = —12023t* + 60222 (s? — 1t) + 242t(r’*t — rs? — st) + 6(r’t — s> + 2t2 + 4rst)

(v): IfT(2) = (=223 + sz +1t22 + 1) (r?2 — 222 + 1223 + 252 + 222 — 1) = (z —a1)* f(2) = 0

for some a1 € C and a function f in z with f(ay) # 0 then, for z = a1, we get

d4
n 7@31}[/(2)
1
Z Zka;JrQWk = dzd47 (2.19)
k=0 @F(Z)
d4
B @63‘4/(2)
© —36022t4 4 120212(s2 — rt) + 24t(r2t — rs2 — st)
where
d4
— O3 (2) = (n+3)(n+4)(n+5)(n+ 6)2" 23 (=W,u3 + 7 Wiio + sWhi1)Waia + (n +

dz*
2)(n+3)(n+4)(n+5)z"T(r(rt — s*)W2 o +t(rt — s> )W, + (s> = rt) Wy poWigs — (s +

tz)Wn—l-l Wn+2 + 5th+l Wn+3)
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+(n+1)(n+2)(n+3)(n+4)2"((rt — s )W2, s +t2(r? + s)W2  +r(s® —rt) Wy oWigs + (s* —
2rst — )Wy 1 Wiz + st(r? + s)WypoaWig1) + n(n + 1) (n + 2)(n + 3)2" 1 ((r* + s) W2 5 —
s(r? + s)W2iy + (t — r*)YWogaWigs — s(r?2 + $)WosWogr — t(r? + 8) Wi o Wii1)
+(n—Dn(n+1)(n+2)2" 2 (sW2 o + W oWz — (12 + $)Wo 1 Wags + tWo 1 W g2) +
(n—2)(n— Vn(n+ 1)2"3W,i1 Whis + 1202t3(Wo — Wy — sWo) Wi + 24t(r(s? — rt)WE +
tWE(s2 —rt) + (rt — s2 )W Wy — stWoWa + (83 + t2)WoWh)
and
d4
@F(z) = —3602%t* + 1202t%(s% — rt) + 24t(r’*t — rs® — st)
(vi): IfT(2) = (=223 + sz +rt22 + 1) (r?2 — 8222 + 1223 + 252 + 2rt22 — 1) = (2 —a1)° f(2) = 0

for some a1 € C and a function f in z with f(a1) # 0 then, for z = a1, we get

d5
L P ——= 03w (2)
> FWipoWi = e (2.20)
k=0 ~r
d5
FGBW( z)

—T720zt* + 120t%(s2 — 1t)

where
ddi, Osw (2) = (n+2)(n +3)(n +4)(n +5)(n + 6)z" T3 (=Wiyz + T Wipa + sWii1)Wiga +
(n+1)(n+2)(n+3)(n+4)(n+5)2"t(r(rt —s*) Wi o +t(rt — s )W2  + (s> —rt)WyiaWyis —
(82 + )W 1 Wiio + stW i 1 Wi y3)
+n(n+1)(n+2)(n+3)(n+4)2" " ((rt — sH )W2 g+ t2(r? + s)W2,  +7(s* —rt) Wy o Wiis +
(83 = 2rst — t2 )Wy 1Wias + st(r? + )W aWii1) + (n— Dn(n + 1) (n+2)(n + 3)2"2((r? +
S)Wiis —s(r® +s)Wiio+ (t—r°)Woi oWz — s(r® 4+ 8) Wi 3Way1 — t(r? 4 8) Wi aWai1)
+(n—2)(n—1)n(n+1)(n+2)2""3(sW2 o +1rWaito Wyt — (r*+8)Wo g1 Wags +tWo 1 Wi g0) +
(n—3)(n—2)(n—1n(n+1)z" "W, 1 Wyt + 120t3(Wo — rW; — sWy) Wy
anrd
%F(z) = —T7202t* + 120%(s* — rt)

(vii): IfT(2) = (—t223 + sz +1t2? + 1) (r?z — %22 + 1223 + 252 + 2rt22 — 1) = (2 — a1)8 = 0 for

some ay € C then, for z = aq, we get

d6

n 7@31/{/(2)
6
S Wi Wi = dzdﬁi (2.21)
k=0 @F(z)
dﬁ
2569w (2)

—T720¢4

where
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C;l—;@?,w(z) = (n+1)(n+2)(n+3)(n+4)(n+5)(n+6)2"t3(—Wp 15+ Wpio+sWyi1) Wiyo +
n(n+1)(n+2)(n+3)(n+4)(n+5)2""H(r(rt—s*)W2 o+ t(rt—s*) W2, + (2 —rt) Wy oWy 3—
(83 + )W 1 Wiia + stW, 1 Wy y3)
+(n—1)n(n+1)(n+2)(n+3)(n+4)2" "2 ((rt—s)W2, s +t2(r?+s)W2 1 +r(s> = rt) Wy oWy 3+
(s —=2rst—t2 )W, 1 Wiz +st(r?+s) Wy oWyi1)+(n—2)(n—1)n(n+1)(n+2)(n+3) 2" 3((r*+
S\W2 g —s(r? +s)W2 g+ (t — )Y WyoWiys — s(r? + s) Wi sWigr — t(r? + )Wy oWiy1)
+(n = 3)(n —2)(n — Dn(n + 1)(n + 2)2""*(sW2 5 + rWhioWiis — (r* + $)Wyp 1 Wogs +
W1 Whia) + (n—4)(n —3)(n —2)(n — )n(n+ 1)2" W, 1 Wyi3
and
6
—5T(z) = 7206

Proof.

(a)(i), (b)(i), (c)(i). First, we obtain y_;_, W2. Using the recurrence relation
W71+3 = rWn+2 + SVVn+1 + th

or

tW, = Wn+3 - TWn+2 - SWn+1
ie.

tQW»z = (Wn+3_TWn+2_SWrL+1)2 = W3+3+T2W5+2+32WTQL+1_QTWn+3Wn+2_25W7L+3Wn+1+2TSWTL+2Wn+1

we obtain
WD = ZWE a4 W+ S22 W = 202 W s Wio — 252" W s W + 282" Wi o Wa g
2t wE o = z"_1W3+2 + 7"2,2"_1W3+1 + 822" W2 = 22 W, o W
—2$z”*1Wn+2Wn + 2rsz"71Wn+1 W,
P2V TWE, = 2PTRWEL R TWE 4 SR AW = 2r2 W W,
—252”_2Wn+1Wn,1 + 2rs2" T EW W,y
t222W22 = ,2'21/1/52 + T222W42 + 5222W32 — 222 WsWy — 282°Ws Wy + 2rsz2 Wy Wy
t2z1W12 = 2:1W42 + rzleg? + 3221W22 — 22" Wy W3 — 252 Wy Wo + 2rsz  Wa Wy

15220W02 = zowg + r220W22 + 3220W12 — 2r20W3W2 — 2520W3W1 + 2rs2°WoW,y
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If we add the equations side by side, we get

n+3 n+2 n+1

n
t2 Z szkQ = Z z:k_?’Wk2 + 72 Z zk_2Wk2 + 52 Z zk_lW,f (2.22)
k=0 k=3 k=2 k=1
n+2 n+1 n+1
=20 Y A TW W — 28 ) AT Wi o Wi + 208 > 2T W W
k=2 k=1 k=1

Next we obtain Y.;_ Wi41Wj. Multiplying the both side of the recurrence relation
th = Wn+3 - 7"I/Vn—‘,-Q - SWn+1

by W,4+1 we get

2
thJern = n+3Wn+1 - rWn+2Wn+1 - SWn+1'

Then using last recurrence relation, we obtain

t2" Wy W, = 2"WipsWigq — 12" WyoWiyt — 82" W2,
" IWL, Wy = 2T W Wy, — r2" YW, W, — sz"ile
n—2 _ n—2 _ n—2 _ n—2 2
tz WpiWho = 2 WopsitWho1 —rz W Wyn_1 — sz Wn_l
t22WsWy = 22WsWs — r22 Wy Wy — s2° W2
tzWoW1 = z2W Wy —rzW3Wy — 32W22
Wi Wy = 2OWsWy — r2PWolW, — s2°W7

If we add the equations side by side, we get

n+1 n+1 n+1

£y AW Wi =) T Wi oaWe =1 > 2T W Wi — s> 2R (2.23)
k=0 k=1 k=1 k=1

Next we obtain Y, _, Wj42Wj. Multiplying the both side of the recurrence relation
th = Wn+3 - TWn-‘rQ - SWn+1

by W12 we get

th—&-QWn = Wn+3Wn+2 - TW3+2 - 5Wn+2Wn+1~

Then using last recurrence relation, we obtain
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2
t2"Wo oWy = 2"WosWigo —r2" Wiy — 82" Wy o Wi
2" W Wy = 2" W oWy —r2" T TWREL = 52" W, 0 W
z n+1VV¥n—1 = Z n+2VVn+1 rz n+1 Sz n+1VVn
"W Waa = 2" TEWa W, — 2" TPWE — 2" TP, W
tz n¥vn-2 - z n+1 n —TZ n Sz n n—1
2 _ 2 21172 2
t22WaWy = 22WsWy —r2? Wi — s2° W, W
1 _ 1 Tyy/2 1
tz W3W1 = Z W4W3 —Trz W3 — S8z W3W2

tzOWQW() = zOW3W2 — rzOW22 — s2OWLW,

If we add the equations side by side, we get

n n+2 n+2 n+1
£y Wi oW =Y P We Wi — 1 > 2R =5 AW (2.24)
k=0 k=2 k=2 k=1

Solving the system (2.22)-(2.23)-(2.24), the results in (a)(i), (b)(i), (¢)(i) follow.
(a):

(ii): We use (2.1). For z = a1, the right hand side of the sum formula (2.1) is an indeterminate

form. Now, we can use L’Hospital rule. Then we get (ii) by using

d
n —91W(z)
> AWy = dzd
- i
h=0 dz (2) 2=aq

(iii): For z = ay, the right hand side of the sum formula (2.1) is an indeterminate form. Now,

we can use L’Hospital rule (twice). Then we get (iii) by using

d2
n — 61w (2)
ZGIICWQ = dng
k=0 I'(z

dz? (2) z=ay

(iv): For z = ay, the right hand side of the sum formula (2.1) is an indeterminate form. Now,

we can use L’Hospital rule (three times). Then we get (iv) by using

d3
n 7@1{/1/(2’)
3
Za’fWkQ = 7dzd3
k=0 —7T
dZ?’ (Z) z=a1

(v): For z = ay, the right hand side of the sum formula (2.1) is an indeterminate form. Now, we

can use L'Hospital rule (four times). Then we get (v) by using

d4

n 7@1 (Z)
4 J1W
2 :aIfIVkQ dzd4
k=0 —T
dz4 (2) r=ay
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(vi): For z = ay, the right hand side of the sum formula (2.1) is an indeterminate form. Now,

we can use L’Hospital rule (five times). Then we get (vi) by using

d5
n 7@11/1/(2)
5
Z alfwlg = dZdS
k=0 —T
dZS (Z) z=a

(vii): For z = ay, the right hand side of the sum formula (2.1) is an indeterminate form. Now,

we can use L'Hospital rule (six times). Then we get (vii) by using

d6
n 7@11/1/(2)
6
Zalfw]? = dsz
k=0 —T
dz5 (2) 2=a1

(b):
(ii): We use (2.8). For z = ay, the right hand side of the sum formula (2.8) is an indeterminate

form. Now, we can use L'Hospital rule. Then we get (ii) by using

d
n i %GQW(Z)
> AW Wy = $——
= —T
h=0 dz (Z) z=ay

(iii): For z = ay, the right hand side of the sum formula (2.8) is an indeterminate form. Now,

we can use L’Hospital rule (twice). Then we get (iii) by using

d2
n 7@2w(z)
2
> Wi Wy = dzdzi
k=0 —7T
dZ2 (Z) z=a1

(iv): For z = ay, the right hand side of the sum formula (2.8) is an indeterminate form. Now,

we can use L’Hospital rule (three times). Then we get (iv) by using

d3
o gz 97 )
Zal Wi 1 Wi = 7
k=0 S

dz3 (Z) z=a1

(v): For z = ay, the right hand side of the sum formula (2.8) is an indeterminate form. Now, we
can use L’Hospital rule (four times). Then we get (v) by using

d4

n 7@2w(z)
4
ZalfWkHWk = dzd4
k=0 —T
dZ4 (Z) z=a1

(vi): For z = ay, the right hand side of the sum formula (2.8) is an indeterminate form. Now,

we can use L’Hospital rule (five times). Then we get (vi) by using

d5
n i ﬁ(azw (Z)
ZCM Wi 1 Wi = 26157
k=0 —
dZ5 F(Z) zZ=ay
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(c):
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(vii): For z = ay, the right hand side of the sum formula (2.8) is an indeterminate form. Now,

we can use L'Hospital rule (six times). Then we get (vii) by using

d6
o PP
Zal Wi Wy = 7
k=0 4 r

dZG (Z) z=ay

(ii): We use (2.15). For z = aq, the right hand side of the sum formula (2.15) is an indeterminate

form. Now, we can use L'Hospital rule. Then we get (ii) by using

d
o 2z
Z Ay Wi o Wi = Zd
k= —TI
0 dz (Z) z=a1

(iii): For z = ay, the right hand side of the sum formula (2.15) is an indeterminate form. Now,
we can use L'Hospital rule (twice). Then we get (iii) by using

d2

n 7@31/[/(2)
2
Z af Wi oWy = dzd2
k=0 —T
dZ2 (Z) z=ay

(iv): For z = ay, the right hand side of the sum formula (2.15) is an indeterminate form. Now,

we can use L’Hospital rule (three times). Then we get (iv) by using

d3
n 7@31}[/(2)
3
> Wi oWy = dzdgi
k=0 —7T1
dZ3 (Z) zZ=a1

(v): For z = ay, the right hand side of the sum formula (2.15) is an indeterminate form. Now,

we can use L'Hospital rule (four times). Then we get (v) by using

d4
" —Osw (2)
> ai Wi oWy = d’zd4
k=0 —1I'(z
dZ4 ( ) z=ay

(vi): For z = ay, the right hand side of the sum formula (2.15) is an indeterminate form. Now,

we can use L'Hospital rule (five times). Then we get (vi) by using

d5
n 7@31}[/(2)
5
> di Wi oWy = 7d'zd5
k=0 T
sz (Z) z=a1

(vii): For z = ay, the right hand side of the sum formula (2.15) is an indeterminate form. Now,
we can use L'Hospital rule (six times). Then we get (vii) by using

d6

n 7@31}[/(2:)

6
> kW2 Wi = %67 . O
k=0 ~r

dz5 (2) z=ay
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REMARK 2.2. According to roots of I'(z) = (—t223 + sz +rt2? +1)(r?z —s222 +1223 + 2524+ 2rt22 —1) = 0,
the sum formulas Y p_o 2FW2, S 4o 2*Wiia Wi and > p_ o 2*Wi oWy, can be evaluated by using Theorem

2.1. For example,

o IfT'(2) = (—t223+s2+1t22+1) (r?2—s2 22 +12 234252+ 2rt2° —1) = u(z—ay)(z—a2) (2—a3) (z—a4) (2—
as)(z —ag) = 0 for some u,ay,as,a3,a4,a5,a6 € C with u # 0 and a1 # as # a3 # ag # as # ag,
i.e., 2 =01 OT Z=ag Or Z =03 OT 2 = a4 OT Z = a5 Or z = ag then we use (2.2) in (a)(ii), (2.9)
in (b)(ii) and (2.16) in (c)(ii) to calculate > p_o 2*W2, Sop_o 2"Wipa Wi and > _o 2" Wi oW,
respectively.

o IfT'(2) = (=223 +sz+rt2? +1)(r?2 — 5222 +1223 + 252+ 2rt2° — 1) = u(z—a1)?(z—a2)?(z—a3z) = 0
for some u,a1,a2,a3 € C with uw # 0 and a; # as # as, i.e., z=ay or z=as or z = ag

then

— if z = a1 then we use (2.4) in (a)(iv), (2.11) in (b)(iv) and (2.18) in (c)(iv) to calculate
o ZWERL S h o Wi a Wi and 3o 2K Wi o Wi, respectively,

— if z = ag then we use (2.8) in (a)(iii), (2.10) in (b)(%ii) and (2.17) in (c)(iii) to calculate
o ZEWRL S Wi a W and Y _ 2K Wi o Wi, respectively,

—if z = ag then we use (2.2) in (a)(ii), (2.9) in (b)(ii) and (2.16) in (c)(ii) to calculate
o ZWERL S h o Wi a Wi and 3o 2 Wi oWy, respectively.

o IfT(2) = (—t223 + sz +rt22 + 1)(r?z — 222 + 223 + 252+ 2rt22 — 1) = u(z — a1)}(z — a2)?> = 0

for some u,ay1,as € C with u # 0 and a1 # as, i.e., z=a1 or 2 = as
then
— if z = ay then we use (2.5) in (a)(v), (2.12) in (b)(v) and (2.19) in (c)(v) to calculate
S ZWE, S Wi a Wi and Y ) 2 Wi o Wi, respectively,
— if z = ay then we use (2.8) in (a)(iii), (2.10) in (b)(iii) and (2.17) in (c)(iii) to calculate
o ZPWERL S h o Wi a Wi and 3o 2 Wi oWy, respectively,

3. Generating Functions
In this section, we present the closed forms of formulas of generating functions Y- W2z", 3> W, 1 W, 2"
and ZZOZO Wiyo W, 2" for the generalized Tribonacci polynomials.

THEOREM 3.1. Assume that |z| < min{|e| 2,872, 17|72, a8 ™", lay| ™", 187"}, Then

(a): The ordinary generating function - W2z" of the sequence {W2} is given by

o0
Sz = V1 (2)
" (—1223 + sz + 1122 + 1) (122 — 222 + 1223 + 252 + 2rt22 — 1)

n=0

where

\1’1(2’) = 2597 + 2498 + 23@9 + 22@10 + 2011 + O
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= 252 (—Wa + 17 Wy + sWy)? + 24 (rW3 + (t+ 2rs + r3)WE +r(rt — sH)WE — 2(s + r2) W1 Wa —
2(rt — s> )WoWh) + 23(sW3 + r(t + rs)WE + (r3t — 83 + 2 + drst)WE — 2rsWiWo — 2rtWoWs —
25tWoWh) + 22(—W3 + (r2 + s)WE + s(s + rH WG + rtW) + 2(=WE + (r2 + s)WE) — We
(b): The ordinary generating function Y o Wni1Wy2" of the sequence {W,1W,} is given by

oo
Uy (2)
Wi Wy 2™ =
T;) nt1Wn® (—1223 + sz + 1122 + 1)(r22 — 222 + 1223 + 252 + 2rt22 — 1)
where

Wy(z) = 2°O19 4 2*O20 + 23091 + 22O + 2023 + Oy
= 253 (Wa —rWy — sWo)Wo + 22t (Wo — r Wy — sWo ) (—sWa + (rs +t)Wq) + 23 (—s(t +rs)WE —
rt?We + s2WiWa — r2tWoWa + (r3t — 3 + 12 + 2rst)WoWh) + 22(—rW3 + r?WiWsy — tWoWa +
(r?s + 1t + s2)WoWy) + 2(—=Wa + (12 + s)Wo) Wy — WoWy
(c): The ordinary generating functiony .~ W12 W, 2™ of the sequence {W,, oW, } is given by

nz::O WrsaWn2™ = (=223 + sz + rt22 + 1)(r2z — s222 + 223 + 252 4 2rt2? — 1)
where

U3(z) = 2°031 + 24035 + 23033 + 22034 + 2035 + O3

= 253 (Wa — 1 Wy — sWo)Wy + 22(r(s? — rt)WE +tWE(s? — rt) + (rt — s> )W Wa — stWWa +
(P HH)WoWh) +23((s* —rt) WG — 2 (r2 + s)Wi+r (rt — s2) WiWa+ (12 — s>+ 2rst) W Wo — st(r? +
SYWoW1) + 22(=(r? + s)W3 + s(r? + s)W32 + (r3 — ) W1 Wa + s(r? + s)WoWa + t(r? + s)WoW7) +
2(—sWE — rWiWa + (72 + s)WoWa — tWoWy) — WoWs

Proof. Use Theorem 2.1 (a)(i), (b)(i), (¢)(i) and Theorem 1.2. [J
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